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ABSTRACT

Following Flugge's exact derivation for the buckling of cylindrical
shells, the equations of motion for dynamic loading of cylindrical shells
subjected to iydrostatic and axial pressure have been formulated.

The equations of motion are applicable for long, short, or thick
shells, and are very useful in calculating deflections and stresses when
the impact loads are applied to comparatively smali regions of the siell,
The normal mode theory was utilized to provide dvnamic solutions for the
equations of motion,

Solutions are also provided for the Timoshenko-type theorv, and
comparisons are made between tiie two theories by considering and neglect-
ing in-piane inertia forces.

Comparison of results is exemplified by a numerical example wuhica
considers tie effect of hydrostatic pressure on the dynamic response of

a siell simply supported by a thin diaphragm and subjected to a localized

unit radial impulse.
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TMPACT LOADING OF SUBMARINE HULLS
Introduction

The purpose of this investigation is to determine the effect of
impact Tcads on submarine hulls. For ductile materials current design
methods utilize static loads for design with a performance criterion
that the hull behave in a ductile manner when subjected to an impact
load that may occur during ground collision or depth charges. Since
glass, considered as a possible material for design has brittle properties
the present design practices must be re-evaluated. Hence, more rigorous
analyses must be made to determine the dynamic siress and deformation
characteristics of glass hulls subjected to impact lcads, and deep hydro-
static pressures. The present investigation will consider only the
response of the shell. The coupled response of the shell and ring
frames will be considered in a fu‘ure investigation.

The model to be investigateu will essentially be a cylindrical
shell under deep hydrostatic and axial pressure, and subjected to an
impact Toad.

Following Flugge's exact derivation for the buckling of cylindrical
sheils, the equations of motion are formulated. The equations are
applicable for long, short or thick shells, and are very useful in
calculating deflections and stresses when the impact loads are applied to
comparatively small regions of the shell. The normal mode theory is

utilized to provide dynamic soluticns for the equations of motion,

R




Solutions are also provided for the Timoshenko-type tieory, and
wanperisons are naoe betsern tie two theories by considering and

nrglecting in-plame inertia forces.

tauations of ilotion

Folloxing Fiugge's [1] exact derivation for the buckling of cylindri-
~al suells, the differential equations of motion for impact loading of

cvlirdrical smells under iiydrostatic pressure become:

L] . - [ " 2 = 2 :"‘U , .
aiy + . - pa(u - u’) - Pu" + a p, = vha” = (1)
&’ +al -a) -pa(v-+wu) -Pv o+ azp = cha2 =y (2)
: X, - 5 at
- - ay' ~ ai - pa(u' - v +w) - Pyt o+ azp
H X ¥ r
= s 24 (3)
smere
i
o \
S, S 2.3
O a (5)
[ - U ( . ] K . S
i, =S (v +w+uu)*a—g(\!+l’l) (6)
o= (u* + v+ 1) - l,‘----w" (7
X a a’ ’
R I I ; A I ‘e
S S (u + v*) + 3T (u* +w') (8)
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Hy =37 (W +v') + 335> (v

e

- u")

_K N
M¢ -57-(\1+w' + ww")

K (. A T
Hx 52-(w + W - u w’)

nux

H

ox u-vuw-+%w-%vw

H

ro = oz (1= ) - v1)

N'Jx

Substitution of equations (4) through (13) into equations (1) through

(3) yields:

u"+ﬂEv)u“+];"v"+w'+k[]"’u"-w‘"+

2
p.(x, t)a 2 .,
- qlum - W) - qu” + Ee— - ha_ 2y

];\)u|

.+v,,+]-\’

v+ W+ k( % (1 - v)v" -

© P (x, t)al 2,
. q](v" +w) - qzvu + 00 1 pha” 32y

D D atZ

] =-v

2 ulu - u"l -3 = Vv

vll L4 + wllll

vu'+ v +wet k[

+ ZW"" + w:: + zwn + w} + q](ul - v- + W")

2
.t - Pr(xo t)a . -phaz _3_2;,_
2 D D st

where
k= ez
S
%’%

at?

3-v
2

T

(9)
(10)
(1)
(12) |

(13)

- Vv ul..‘

J

(14)
w"")

(15)

(16)
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Equations (14) through (16) may be written:
“5“' + uzu.. + l ; v vl. + a3“| + k[] 5 ol "I.. - “m
px(x: t) 2 k 2 2
_ pha” %u
(s M > (7)
) ; Yutt 4+ 04(\!” +w)+ av" - -'2‘— (3 - v)w
2
p.(x, t)a 2
¢ - pha” a‘v
o D 3tZ (18)
a3u' + u4v' + (2 +1 - 04)H" + k{] 5 oyt -y
- 3 5 v V' WY 2w et 4 [k + ]) W}
2
pr(x, t)a ha® 37
- " _ - -p a oW
+ {1 - ag)w ) D ot (19)
where
oy = 52 (1 + 3) -
1- "2 %
a =]'V(l+k)-q
2 2 1
‘13 = (V + q])
‘14 = ] - q]
ug =1 -G
Orthogonality and Hodal Vibrations
For free vibrations, equations (1) through (3) become
ali’ + ali’, - pa(u* - w') - Pu" = ha2 22 (20)
X oX Pnd 17
all: + ali' =~ aQ, - pa(v: +w') - Pv"' = ha2 22V (21)
o Myxg "Wy " P Pha 5t

1 d
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-aQ’ - aq; - aué ~pau® -v +vw) - = uhd2 §:;- [22)

tquations (20) wirougn (22) yield the free vibration frequencies and
mode shapes. The orthogonality condition is derived by assuming that the
displacerments u, v, and w have the form

iwnt i!ﬂnt
u= un(x, 0) e " V= Vn(xs 9) e ’
'iwnt (23)

w= u“(x, é)e

Finding we orthogonality condition involves the following steps:

(1) tue ntiu ierms of expressions (23) are inserted into equations (20)
through (22), and the resulting equations are multiplied by um(x), vm(x)
mujzh$x), respectively, integrated over the domain, and added; (2) the
mtii terms of expressions (23) are inserted into equations (20) through
(22), and tne resulting equations are multiplied by un(x), vn(x), and
wn(x), respectively, integrated over the domain, and added; (3) the two
equations resulting from Step 2 are subtracted from those resulting from
Step 13 they are integrated by parts, and use is made of equations (4)
through (13) to obtain the final orthogonality relation. The orthogonality

condition may be written as follows:

e ! _
(nn - um) JO ph(unum tvv,+ wnwm) dx =

u i v

- p M S, LU I |
Uy * iy = P3=) + vn("x¢m T

aw oW

_n
) * me X

-u (Q

xm

) M
_:ﬁl) v, - Xn _p_n

- um(“ ax Xon a X

L P

oW M ®
+ wm(()x P —-—) - Mxn = }0 =0, m#n (24)
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where the natural boundary conditions for the fixed,

free condition are given as:

Fixed at x = U, s
= = :;;'-:
u=v=w=oT 0
Hinge at x =0, 5
u=v=w=10
"x =(
Simply Supported
at x =0, .
w=20
Hx =0
o pav
He -2 ~Px=0
U _
N +pw-P x 0
Free at x =0,
llX =0
W _
Qx"’P;-*' 0
”x‘ IV
X pXN.
”x'; a P:)x 0
U _
Nx +pw - P el 0

The differential equations (17) - (19) may be solved Ly assuring

u = ne’*/2 cos (1) ¥t
v = ke'X/3 sin(me) e'*t
L cos(iig) e'®t

simply supported and

(25)

(26)

(27)

(28)

(29)

P
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Inserting equation (29) into equations (17) - (19) yiclds equavion (30j.

E-(b \z-l'izuz‘l’(ullazuzl-/{-') (l;!)m u.“).-k (lié;)nzk-" "J i Al
!

A B )ms ~agffon P e(hal o) o mkGmt | o
£

! 3 2

g'x3‘-| {T)ﬂ A=l I'I-k( )ﬂ) -(Zk"‘]-u4)ﬂ +1 C .
! _

; +1-0,)° |
: ‘ Lo
i w[(Znd)2| |

z N
3 -ohasl o !ﬂ

The <haracteristic equation is found by setting the determinant of

cquation (30) equal to zero. To determine the eigenvalues, o2

, the
following method is utilized: A value of mz is guessed and iaserted into
the cnaracteristic equation. The characteristic equation will yield

eight rocts. For unequal roots, cquations (29) may be written as follows:

8 asX/a . 8 A:x/a .
) hye T (cos m¢e1”t), v= ]} Bie V7 (sin m¢e1“t)
i=1 i=1
(31)
8 A x/a .
w= ) C.e' (cos m) elt

j=1 !

vhere for each A there exists a relationship between the amplitudes
A;s By and C, frpm the determinant of equation (30).

Equations (31) with the necessary voundary conditions will lead to a
determinant |aij|' A plot is then made of the determinant laijl versus

7

w", The eigenvalues, w2, are those for which laij'
1

vhen ‘aij| = (), the ratio of the amplitudes Ai’ Bi and Ci can be calculated

= 0. At a point, w’,

from the determinant of cquation (30).




e st

For impact loads, local nending action uill predominate, and tne
principal i:ode of responuse will Le in tne radial direccion. skegiecting
iner.ia forces in thc longitudinal and circenfereitial directions,

cquation (36) riduc.s o equation (32).

Eub)‘—nzuz (H‘J 13:-!”:‘,u2~-s» ; ?n:

: b

L I P 3~y !

- (=55)n- 2P by s (e I 49

E 1 : 2 E %

S W Ll P S - 2_13, S (2k#l-a )l et = 5 57
Em3t k{—==)m“ -k - LS (2k+1 xd)m +] : gti (32}

y b1

, TIEPRICEE N

1 ; ; i

2 !

| wl(-2atyPay) | |

Py

: K !

+‘ha -.‘,"FI/U l '

Solutions for Forced Vibravions

Equations (17) chrougn (1¥) may be solved by assuming

u= 3 uf(x,:)q(t)
n=g " n

v= Z v, (x, 2) q(t) (33)
n=0

W o= y u {x, ¢) q.(t)
nZU " '

Substituting the above equations into equations (17) turough (19), and
utilizing the orthogonality condition (24) yields the following:
27 i ot

, J | [P Xyly: )u +pP (x,¢ A)V P (x,¢ \)w Jlsin w (t- )d»] dx d:
0 040

qn(t) = r?n 1

w 2
n JO JO

A 2
ph(un tvo+ wn) dx do

(34)

fh et e @




For an impact loading as shoum in Figqure 1, cquation (34) becomes

.'(-rh;)/a :"’ . ft_ ) -
j(. ) )/a j -'zjulpx\xs¢,A)u"+P¢(x,G.a)vn+Pr(X.4.})Hn]SIH um(t°‘)11dxd;

ﬁ"(t) = [21

“n Jy

L2 2.2 .
Jpll(un+vn+\ln) dx ds

0 (35)

For a4 concentrated inpact loading, equation (24) becomes

lir {4y )/a b gt )

Q- Y i i LPX(X. ¢s B)u" + p¢(x, s, ))vn
s - (c -, 1 a“’ "-;_:_ J'()
L

+ p (%, ¢y 20 ] sin o (T - 2) d> dx d¢
§ (1) = —t w_ (36)

of )
2, .2, .2 .
JO oh(un tv, un) dx de¢

m

4
i
m |
2

0

nere

)
| X 4!_ 1t
P

-— v
4‘1”/
P
_ r

pr - Ll"‘l.

Soluvion for Inpulse

Consiucr an impulse per unit area, ix(x, ¢), 1'¢(x, ¢) and 1r(x, )
acting on tne cylinder for an infinitely short time. The cylinder may
nov be considered to be vibrating freely with tne following inicial

cuuuitions:

Uu=vs=1yu=1yuy (37)
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Figure 1-b

Cylindrical Shell Subjected to Dynamic and Hydrostatic Loading
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The displacements for free vilrations are given as

w Glxs )
— = A
'1 n\"
R i.(xs 5)
— 2 s
51 vh
W _ 1r(x’ ¢)
st oh

= 7 4+ B S
u : u"(A” cos w t L, Sin Wmt)
n=u
= " + i 7
v t v"(nn cos ot Bm sin wmt)
m=0
g = 7 u (A + b si
v} miu 'm(“u cos w t b, sin mmt)

n

(38)

(39)

Substituting tiie initial conditions (37) and (38) into equation (39)

and maling usc of ortnogonality yields the following

vhere

1He- 1w

u = u B sin o t
mp mom m
v= VY v L sincut
= m ]
m=U r
W é \v b” sin wmt
1=
f2r e,
\ (iu +i.v +iw)dxde
A
1 g JU Xxm A'm rm
(%] - - 5
Pl W ;ZW fr )

n | ph(uf + va + wz) dx do
oot mo m m

(40)

(47)

For a distributed impulsc as shoun in Figure 1, cquation (41) bucomes




i" 12
(e )/a {'f'.'h« ] )
. | Liu, ¢ TV ¥ il dx o d;
i _ u- L)/a J L -
‘ b 2n ¢ (42)
n 4 r 2 b
- . J J Lh(u + v +\ ) dx d¢
000
For a concentrated impulse, equation (41) becoms
yim [(rrea/a ore, . )
£1-0 I - ) Liu, + 1¢vm + lr"m] dx d¢
0 (n-e1)/a 7 i~¢y
Bli] == 2n [9,, 2 2 2 (43)
“n JO ho eh(uy + v + wm) dx d¢
vierc
I
i = 3——3L-
X t1€2
Pt
P 461&2
I
=
ro4ee

Solutions for m = 0

For n = 0, cquations (1) through (3) and (14) through (16) degenerate

to the following equations:

aly + paw' - Pu" + asz = pha2 %%g (44)
aH;¢ - aQ¢ - Py + a2p¢ = pha2 %%; (45)
-aQ; - an¢ - pau' -~ Pu" + azpr = phaZ 2;? (46)
asu" + u3w' - kw"'+(pva/U)= £%§3-%%§ (47)
| u]V" +(p¢az/u)= 9%§3-%E¥ (48)
| ~agut 4 kfut - W (k ! ])d} - (1 - u,)w"
| v (pa*/v) = 285 2 (49)

“__«
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Solutions for cquations (47) and (49) can be determined from tue
solutions given for unsymmetrical loading. For m = (), equation (30)
Lecones
i pua'*u-"" !
:uﬁx‘+ — 0 agh - ka3 A
| ha2u2 |
! 2 Na (ﬂno
: |
; !
| .3 4 . 2
gt k 0 kat+ (1 a5)x c
pha® 2
th+1-S-ap
or
Lo g])4 - gZAZ - g3 = ( (51)
vihere
6y = [uy(1 - 4) + k("—“a—l}“f-+ 2a3)1/k(ag - k)
2 ' , i 2.2
gz = [u3 = “b(] + i\) - (] - 2“5)(2"@—[')'“_)]/k(ab - k)
had, o 2,2
g3 - UhaU(.u (phaDu - k - ])/k(ab - k)
Equations (47) tnrough (49) are now uncoupled and may he solved
independently.
The solution for equation (48) is as follows:
For free vibrations
V= Ay cos oR7D w 2+ A, sin /0 w 2 (52)

The ortnogonality conditions are

(UZ - u2) (" gha’ Vv dx = v —H .-y L
noom " b "n'm N ax m ax

The forced vibration solulion becomcs

Poe KR e &




- i4
L ] . . {t
- b g (x, ) v sino{t -;)d dx
~y W F_ Y n
¥ = =l u-y pr " (53)
T hv_ dx
- n ju *n

T oruwoganality conditions from cquation (24) become

(2 - 4 ::toil(uu +wu ) dx
“a T w ne LA

<, M
* {"n(“xll * o, - P ?’ - "n(qxn +P ‘;X—)

»u
N -p -0
+0N u-(ll M P =

;M X
M L
+._(qm+p;x—)-nm5;-!u=o (54)
Tiw dymamic solutions from equations (33) and (34) are
u= n;;] Uoq(x) qo,,(t)
. - (55)
¥ = nil u a(x) qm(t)
i
i - . .
fiu pr(x. \)uno + pr(x, x)uno]sm “’on(t - ) d» dx
Gou () = ~ ” >
“no j() ph(uno + wno) dx !

Intagral of tiec Square of Eigenfunctions

Toe Tutegral of tne square of tie eigenfunctions is evaluated from

equation {24) by a 1imiting process. For any prescribed boundary condition,

the evaiuarion of the integral may be determined as follous:




1)

-2, . 2,
DoLafut{x) + vd(x) + uo(x)] dx
. n n n
d iy
= 3 - ] — 4 + . -
ltn ( ]/Luml d“n Iun(hxm P, P )
.om l." H
i !x .m avm -um o
ty (G XM _p_ My U MO —
vn( XM a P X ) wII(QXl'l P oX ) xr X

.
.

:’un ilx~n Vi
- H +puw =P =1 - i SR S | RS P
“m(ixn v P = ) vm(lx;n ;

d X
) Ml‘ 3Wm .
iyt P - i, TE (56)

IN1lustrative Example for Cylinder Supported by Thin biapr raom

For a cylinder supported by a tihin diaphragm the foilowing displace-
rents savisfy tie natural boundary conditions as derived from g

ortiogondlity couditions:

¢ n-sx
J =) 1l%ncosn¢ccs~r-
m

i
- . . n- .
v\ 7 v, sin ne sin -735 (07}
trn
n- x

l_,:' 'L] “Hl] COS K¢ Sin -

Te determine the natural frequencies and mode shapes tue doterminant

for tue frequency equation becones

v on oW




NS NG e § it R B AT

R B nid) (- i(——"-~ (4
o.xu;:‘ . 2il i@y )

: T o HA=—

;(‘: il 4m -4 (" s - ,n-L\zéiJ (L3

| 2.

I a2

i L om

I

'__;(2_23+lll:;i.m¢‘ﬂ;ﬂ)

Jd : 4|-~+|( 3t yn(B3)e ~(2141- . e

Siia,3 (L:2)° (1--)

Y
i ) "l‘“l

Solutions for Forced Vivrations

Fron equations (33) and (53] tiwe dypamic displocerents becom:

- . . , 1_)-(.
u= 3 U,y €OS m: (cos )qm"( )
- . .onox
v= N sin mg(sin —=)q_ (t)
non 1 v mn
=T Ty as(sin X
N - Lmn cos m(sin - )qmn(t)

Wier

+I.Lf(|—';‘l—)“+|1|‘,‘z+1]; ’

'

) o

(r(\\
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v ¢k -
4, () = | ! jt [p.(x, ¢» »)U_ cos me cos 22X
! HY) Ju i0 X nn i

+ po(x, @ :)v , Sin & sin — "'x

+p.(x, 4, U cos m: sin 9}’5]

sin w (T - 2) da dx de
ren s L, 2 2
wmi J ph(U , COS mé CoS
00

2 nwx

+ \I"Z smzm sin? X L

2 ﬂTX)

+ HZ cos n¢ sin dx dg

Tne ratio of the mode shape coefficients are

Yo _ -CD + BE
w A - B4
v

(60)

L= .mn _ =AE + BC
- ﬁm" - b7
vnere

, cha® 2

('Iﬂa)z
2 T “m

pa
- 2

i

1+ . ,nna
)

o
1

= q3(ﬂ"a) - i(] - V)m (nﬂa) + L(!%E)B

2
2 nna,2 , pha® 2
(1) I ¢]( ) + D wmn

i) -14

3o vy (nna)Z

"
1]

4m-l\

Form=1)

fiﬂ r ft ) nax .
(1.) = I «"U J‘U I_px(x, Yy A)Uo" cos —— + pr(x. Yy x)h\m sin
sin hon(t - 2) di odx de

Ve T !‘7 ( '\.i -‘ )
o MHW(UOn POH)

X




o —— b

form# 0
() v 2t nex
(t) = | [ J Lo, (x5 05 2)U_ cos e cos ==
3 ] 40 u
- - “ux
+ |’¢(’\o @ \)Vm sin ¢ sin -~
+ p.x, ¢, AW cos mg sin &"Li

sin um(t - 1) dr dx u¢
2 .yl ;
AR

. FL
Tt
“mn*" Z (umn

<

Solutions for ladial Impact

a. Unit Step Loadeu bistributed over Finite Arca (ch : ZLZ)

u=_'_l_41_171ﬂ] ] no}[ T‘U[S‘" nxz {sin Nue,)
n=

oi [1 '
[ n”X] - COS wnot\l
x lCOS ) l w2 '
’ no

~

18

(62}

omr Z z [(:::nr][ws n"][sm ":c][sm '-15-4-]{sm ﬂ__‘.‘

n=1 m=1]

(1 -cos w_t) ,
nnx !
x COS T COS [ -
L g, ¥ B ¥ T
[ w B \ \
__8 '+ “nm mn-[ .G g_l_g_L[ nay
e § 3, (e e e o
(1 - cos w, t)
. . nnx
< sinmp sin = [“’f;mh 1),
_4 () TN nng ne, X 1- €oS w,,t
M= ohn? [aJ nZ] [nj (510 ) sin =52 sin wrzw(a%*'ﬂ}

a )y

o (1 - cos w, t)
x €OS My sin

vty § ) []][cos o [sm —5-] {sm -"EJ-] [sin LY

Z 7 ﬂ +
L wnm(an 1)

(63)

e s e
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v. Concentrated Unit Step Load

1 v %0} . nxg nax] (1 = €95 “not)
~ wohat “21 t&:;'ﬁijlSI" J[cos ]
] '"n][ nag) [
+ cos si S
mohat n-l ln=l [ J[ 0 n J co ""‘"
x (cos "'x][] €0S ')
. [ dﬁh }
. . o o B ‘ 1 ‘ ‘
* ot ) [eos 2 fstn 258} s
i [a,‘,,,+ 52+ 1| (6% ) 51" T 151 ) w“
o 2]
L )
nm
v 1-cos w_t
= ¥ IIIX] no \
¥ = That ﬁl 'T"‘"T‘ [sm LIS [sm T ]
2 o ] ) [ . n=z) [ .
erin n:x'[] - coz,m“"t‘
C “nm

c. Unit Impulse

Solutions for a unit impulse can be found by differentiating with
respect to time tie solutions for a unit step function. A typical
displacement relationship for a concentrated unit impulse is as follows:

1 sin “’not‘

v no nng nnx)
wphat HZ] [T__T][S1n Q][COS [ “no i

u:

Ty “om ) mn’} nag)
+noha2 ) Z [T + 8¢ +‘lj[c°S a [sm nj

n=1 m=1 nm

{

x lcos mq'] [cos x|

|

nn

(69)

[sm w t]

{
“nm
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u. irtangular Loading with Suddealy spnlied Valwe of Uiy, and oecrcasing

“~

Lincarly w Jerv at Tirne, tu.

4 < Mao) )i R Nk 2 x}
= gy bt} v ns. ! '
U= lal ",__] i, ”--—Tu 5 “sm —?‘J |‘s1n s S ‘,(Fno(t))
b * el (2
+ h :'. ¥ l"' ]{cos ) (sm n- )} lsm -—L”sm —sJ
PIT™ =1 mel
‘ y  (F_(t))
« (cos i) |cos ";le 4e )
mt

*an

1

my \ ;1,

- ki . . . »)

) "'"] (cos = (sm g ) [sm mzl!!sm LI
it

A ok o | v =]

. . nad (F ()
» (sin mc)lsm "!.xj(afm 2"'8'2““ T

N S l][ ] ]( n.g) mrez) f s nex)
M= {.—‘.J nél {" T +T) sin = J(sm “sm - ;(Fo(t.))

where
sinw
FﬂO(t) =-‘l" 1-cos v t+-—_"——t"—o--%—]
“ho - “no-d d
sin w_t
] nm t
o) = 2 (1 cos - et 8]y

1 . . 1
F (t) =—=—|sinw, t-sine (t-t)-—=rcoswu t
no wiotd l no no d Wio no

- . ]
F“m(t) -:m—d_ (sin Wt = sin “’nm(t td)) - ;?‘; cos w .t

(56)




¢. KRectangular Pulse Loading 0t Suddenly Applicd Value of Unity

4and .Juration, Lu

21

ixpressions for u, v, and i are identical to those corresponding to

a triangular loading uith tie exception tiat Fno(t) and F “m(t) ve

defined as tfollous:

] .
F (t) === (1-cos w_t}
no “no no

_ 1
F"n(t) = :-"—; (1 - cos w"mt.)

t-t

no Ui

- -
F (t) = T {cos mno(t - td) - Cos “’not}

0

»

10] {1H]

nm -

F (t) = ;—I‘-{cos w (t- td) - Cos w b

}

t>t,

(67)
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Lyuations of llotion for Timoshenke Ticory

~ Equations ( 1) through ( 3) can i reduced to those presented by
Timosiienkd and Gere vy assuming the following conditions:

a. The circumferentisl strain ¢ , €y and Ty, are equal to zero

? +

in calculation of X¢ and X“.

b. lLembrane forces are not offected by bending stresses, nor
vending moments by merbrane stresses.

rssunptions (a) and (b) yield “q.x = ux ¢ and i 0% - Ii s Assuming

<. = (v +w)a; u', u" =0, and (P (u* + v')/a = 0, equations

v

(1} through (3) become:

-

. . 2 23U ‘o
dnl;\ + ali¢x +pa(v'" +w') +a Py = oha 3T (6¢)
c e oAt bt 4 Aln = pal 90V
aw, + iy, aQ¢ Pv* + a P, pha® >=r (69)
-aQ” - aQ' + al_ - pa(w* +v) - Pu" - a;‘p = pha¢ &Y (70)
H ~ § r Jt"

Tie merbrane forces anu woments from cquations (b) through (13) becomc

==
1]

J (o .
la—(v + 4+ ')

ﬁ— (u' + w* + i)

-
i

1

v =9_'-v’o [
il a‘z)“‘ +v')

ey = 3 500 v

/

;-‘2- (=v" +w + w")

K
x37(

f

Wt ow - wyt)

S |
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. - K { - 3 e _ Wt
H =57 ( v) (. v')

(n)

Substitucion of cequaticas (71) into equations (u8) - (70) yields tne

following:

u" 4 (l—;——")v" +] 5 Sut+ w4 Gv'" + ')

a%p 2 .2
X _ pha“ u'u
YTTTTD o (72)

(] ; Ju't o+ v+ (]—Zé-‘i)v" + - kW' + w7

a2p ' 2 ]
T " . " - pna< J<v
+ L{(1 - v)v +V']—qzv +—D-1- 37 (73)
‘JU' + v' + "] + k[‘,ll.l+ Zw"u + wo.n] - k[v’l.+ (2 - v)vll-]

a%p, o2 a2
"+ g (v +w) - Dr = pga gt{i (74)

Equations (72) - (74) may be written

- p 2 .9
u" + -]T‘i ue + B]v" + BL;.." + a2 D_" = __PhDa %PU' (75)
] + \ le . (1} . fie e 0
(—Z—)u OBV BV W - k(w"* + w)
a"'p 2 "2
¢ . pha” 2%v
YT 0 3t (76)

' + v+ BW + k(W™ + 20" + W) - kv + (2 - v)v"*]

a2p 2 a2
" . r _ =pha® 3%y
+ q2w + q]w - == Er.a_t.z. (77)

where

1+

T Th T

LR e -
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‘ 1. via =8
1‘ k+1=8; ?
- (1-)(k+3) -a,=8
[ 2
- 1+ q] = By
g _(ll'la (]‘V)m B]\_n_“_a_ ) Bz(n'ﬂ'a l Umn
;
I * 50 Y
. ,
+ .
f L ")(""a) 3m 84(1’@-) -m-k[(l‘—?)zmm3] Vo
‘ i .
| oha? 2 L (78)
| 7D Yan o
H .. 0} ;
~v( 3% Lo (2-) (2 7n]  k[(ER2e
mn
s
+Bb_q2(n"a) i
- pha? 2 ‘
-q] D “mn i
— —L
{
|
;
|
-
AR A 11 . o T
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vata for I1lustrative Example for Unit Radial Impulse

n = 1.2 inches a = 60 inches £ = 24 incnes
= 12 inches £ = 2 inches €y = 2 inches

v = 0 radians v = 0.33333 n=1-230 m=0-29

Pc(FIugge) = %083.8b5 psi Pc(Tinoshenko) = 5071.7"3 psi

W pbn ) - P B e T R s~ . PR 2 cadk o T sban S \. [ B R LR Y. S
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e 3 VS0 TG b PILSSUGL i FSEQUEGCIES L BULELLIG bl

Ve o 71 RS LT

Poraxars: nfis - U.U] vf2a = 0.2

P T ) TR LA T L

I, 522

o ine Pressurc: b= wk3.Dh

“

rlugae’s Tileory

Iac)laling aaal lserdia

E‘ii"; fi f‘: f3

v sI7.04 33853 607,24
0 Y doi.e?7 BT 6i03.23
dos L 3 T 222,72 0799.21
H 327.33 39ls.04 L7914
9.5 231.25 3%y 679115
1.4 ——- -—-- ——-

Jeglecting axral Inertia
f
519.7
464.91
4,64
325,74
232.46

e




TnbLE 11

27

Libite OF (YUROSTATIC PR SSURE Ol FRLQULICIES TN BUCKLING TOOL

taterial:  steel

Paramerers: h/Za = 0.01 L/2a = 0.2
bucaaing jisde: n=1, n=9

vuck. g Pressure:  9071.793

Tinoshenko's Theory

Including naial inertia

P/PL fi f‘3 f3

0 v17.05 3937.01  6807.29
0.! 404/ 3933.98  6807.90
0.4 400.51 3930.95  6808.52
0.6 27.02 3927.92  6809.14
0.0 231.24 3924.90  63809.75
1.0 -—- --- -

ieglecting Axial Inertia

f

519.42
464,94
402.65
328.76
232.47
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LEFLCT OF BYDRUSTAIIC PibSSURL Uil FREQULIICIES 11 LULKLING ok

thateriat:  steel

"

Parameters: f/2a = 0.1 £/2a = 4

buckliag jiode: w =1, w=2y
vuci.hing Pressure, Pc = bisbl1.4o
Flugge's Theorv

Including Axial Inertia

P/l'C f] f2 f3

0 609,93 6634.11  12765.31
0.2 796.06 bb613.89  12750.43
0.4 659,51 0593.61 12736.34
0.6 563.06 6573.27 12721.83
0.8 393.19 bb52.86 12707, 32

1.0 - --- ~e-

f

997.21
491.93
172.44
630.69
445.97

28

llegiecting axial Inertia

B e e~ s v it




29
il 1V
RO OF BYoruS1at10 PRESSURL Uil FREQUENCIES I3 LUCKLIGG it
deterial: sieed
Paratcwers: hfla = 0. if2a = §
LaLhiTLG suic: no= 1, m= g
oue 1Y Pressare, I’L = 0i5356.4
Hitwsienho's Theory
Inctuding ixiai Inertia iieglecting axial Ineriiag
i’,’l’L r' T‘_, 73 T]
0 G06. 6L 06<3.81  12811.59 995.5¢
G.. 793.1¢ bb23.57 12310.07 $90.42
0.+ Lib . Y0 vudd. 34 12805.54 771.13
U.o 960,90 6623.12  12507.03 629.03
V.o 3. 71 budl. B9 12805.5) 445,21
1.0 --- -—- - -

e b e 1 £ A oo e m e i
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TAGLL V

COPARISUN UF FREQUEGCILS FOK VAKIOUS ilwL Sinbt s

Flugge's Theory

Parameters: n/la = 0.01 ¢f2a = 0.2
n =1

PP, =0 P/P, = 0.5
| i i, f f, f,
v 572,40 2979.98  4477.83 537.79  2v72.29
] 969,22 2601.76 450818 529.15  2594.27
2 545,75 20bb.71  461Y.37 505.12  20bi.b4
3 519.26  2770.30  4788.05 470.55  2761.32
4 492.44  290/7.31  5021.12 431.69  2u9/.2
5 471.53  3072.65  H304.90 394.67  3061.23
o do1.40  3201.51  5632.13 305.24  3243.95
7 499,25  3470.96  5995.59 348,42  3456.57
5 483,95 3040.47  6389.04 347.99  3680.48
5 51/.04  3936.83  £807.24 360.02 3919,
10 003,17 aibd.n?  7245.89 400.58  4169.22

fs

4467.77
493,96
4610, 35
4793.6b
501,50
3294, 54
Hold.92
5987.44
6379.98
©797.20
7234.85

e

¥ |




Paramcters:

TABLL V1

LOIPARISON OF t KLQUENCILS FUR VARIOUS Lok SHAPLS

h/2a = 0.01
I'/Pc =0

M T,
1599.20  7735.74
1902.11 7745.76
1910.69  77bv.78
1925.04  7801.68
945,20 7690.20
197141 7912.26
003,00 7967.35
2042.11  3075.1y
2086.89  S1/b.J4
13015 ¥287.1y
2195,92 410,40

Fiugge's Theory

/22 = 0.¢

13404.75
13416.82
13452.99
13513.04
13590.67
13703.44
13632.83
13964.19
14150.82
14349.95
14562.79

P/Pc = 0.5
fl f2
1807.77  71716.30
1810.44  7723.81
1818.46  7744.05
1831.89  7779.25
1850.85  7827.42
1875.4%  7888.90
1905.85  7963.35
1942.21  8050.42
1984.09  8149.68
2033.47  8200.67
2085.067  $382.92

31

)

13392.16

13404.20

13440.26 !
13500.14 |
13583.54
13690.02

13619.04
13969.98
14142.14
14334.76
14547,01
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TabLL VI

COIPALSUE Ui FREQUENCLLS FUk VARIUUS dndk SHAPLS

r

Fiugge's Tacory

Paramerers: /2a = U.01 £/2a = 0.2
n=>y%
l’/l’c =0 P/Pc = U0.Y
nl f] T, f3 f] f2 f3
0 5091.63 12897.91 22339.84 4993.41 120801.43 22315.32
i o094.85 i12962.00 22347.08 5001.5% 128b5.59 22326.04
2 5104.51  12914.67 22308.80 S01T.04  12676.05 22347.70
3 5120.01 12935.00 22404.95 5020.64 120893.30 22363.70
4 L1a3.70  1294.84  22455.4b 5048.97 12927.79 22434.1/
b 172,70 13002.34  22520.24 5077.44 12964.97 22498.72
b 5207.62 13045.02  22599. 10 5112.25 13010.27 22577.4¢2
7 5249.50 13101.79 22692.08 5153.44 13063.59 22670.07
¥ 9297.97 13163.96  22798.82 5200.99 13124.04 22776.52 1
9 H352.4845  13233.21 22919.20 5254.96  13193.90 228Y6.46
10 5414.29 13310.02 23052.99 5315.34 13270.66 23029.97
S L 4~ bSO s BB e TR WP e s e . e it L L T ﬂ




ik VIil
LFried ub GYoRUS1ATIC PRLSSL & U FUNIDRERNT:L i REQUENICY

Purams:rers:  h/da = 0.01 t/2a = 0.2 PC = 5053.4555
l’/l’c H, M f
0 1, o 401.40
0.2 1, 7 422,42
G.4 1, 7 374.72
0.6 1, 8 313.82
0. 1, 8 230.72
0.95 1, 9 11v.63
0.98 1, 9 73.13
1.00 1, 9 0.00




- ™

1

4138.497
6123.37
4410.40
10830.29
13310.62

o
Parameters: n/2a = 0.01
n fl
1 %3.17
2 1196.55
3 2195.92
4 3600.27
5 5414.29
".

TAsLE 1

X

Flugge's Tocory

t/2a = 0.2

7245.89
10597.00
14562.79
18756.1%
23052.99

10

f

400.58
1077.53
2088.67
3498.39
5315.33

LFFLCT OF 1YUROSTATIC PRESSUKE UN HIGHER FREQUENCIES

P/Pc = 0.5

f,

4169,22
6100.93
8302.92
10796.81
13270.66

f3

7234.85
10584.13
14547.01
15736.459
23029.457
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Conclusions

Large hydrostatic pressures and small variations of impact area

greatly affect the dynamic response of deep submersible hulls stSjected
to a localized impact loading.

For free vibrations deep hydrostatic pressures reduce the lower

frequencies substantially while the higher frequencies are not appre-
ciably affected. Hydrostatic pressures in the neighborhood of 50 percen*
of the buckling pressure can reduce the fundamental frequencies by 30
percent, while the higher frequencies, especially the second and third

frequencies of the n, m mode will have no appreciable change.

Comparison of frequencies with the Flugge and Timoshenko theories

show good agreement as illustrated in Tables I and II.

For forced vibrations as illustrated by a localized unit impulse,

the following conclusions can be made:

Deep hydrostatic pressures have predominantly large effects on
longitudinal displacements and strains. Consequently the longi-
tudinal stresses, Oy s will be more sensitive to change while the
circumferential strains and stresses will increase moderately.
Shearing stresses experience moderate increases and are very small
in magnitude,

Radial displacements and response times will have considerable
increases as shown in Figure 3.

Small changes ir the area of loading have tremendous influence on

displacements and stresses as shown in Table XIV.
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e. Comparison of theories indicates the following:
(1) The greatest discrepancy occurs in longitudinal displacements
and strains.
(2) Within the area of impact, stresses, radial and circumferen-
l tial displacements have good agreement, while those outside
the area of impact can have large discrepancies.
! (3) A good estimate of stresses, radial and circumferential dis-
! placements within the area of impact can be found by neglecting

in-plane inertias.
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